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We present experiments to study the relaxation of a nano-scale cylindrical perturbation at one of
the two interfaces of a thin viscous free-standing polymeric film. Driven by capillarity, the film flows
and evolves towards equilibrium by first symmetrizing the perturbation between the two interfaces,
and eventually broadening the perturbation. A full-Stokes hydrodynamic model is presented which
accounts for both the vertical and lateral flows, and which highlights the symmetry in the system.
The symmetrization time is found to depend on the membrane thickness, surface tension, and
viscosity.

Surface tension will smooth out small interfacial per-
turbations on a thin liquid film, as the curvature of
the perturbation profile induces a Laplace pressure that
drives a viscous flow. This capillary-driven levelling
causes the brush strokes on paint to flatten, or the spray
of small droplets to result in a uniform film. Such flows
have been studied in great detail and much of the the-
oretical framework is provided by the lubrication ap-
proximation, whereby one can assume that the flow in
the plane of the film dominates, and that the velocity
vanishes at the solid-liquid interface [1, 2]. In contrast,
for a free-standing liquid film there is no shear-stress at
both liquid-air interfaces which modifies the boundary
conditions and results in a different phenomenology [1].
These boundary conditions can arise in a variety of situ-
ations such as biological membranes [3], soap films [4–9],
liquid-crystal films [10–12], fragmentation processes [13],
or energy-harvesting technologies [14].

The dynamics of liquid sheets has been studied in great
detail in the past decades [15, 16], and shows similarities
with the mechanics of elastic plates. The evolution can
be described with two dominant modes, which are the
stretching and bending modes associated with momen-
tum and torque balances. At macroscopic scales, a vis-
cous sheet experiences bending instabilities such as wrin-
kling [17–20], and folding [21] when submitted to com-
pressive forces. Such viscous buckling phenomena occur
in various contexts, like tectonic-plate dynamics [22, 23]
and industrial float-glass processes [24–26].

In thin free-standing films, surface tension is domi-
nant and stabilizes the interfaces against buckling [15].
Most theoretical models in this context assume that the
interfaces are mirror-symmetric, and thus focus on the
stretching mode, also called the symmetric mode. This
approach is employed to study the rupture dynamics
of films in the presence of disjoining forces that desta-
bilize long waves in thin film [27–34]. Recently, using

∗ These two authors contributed equally
† dalnoki@mcmaster.ca

nanometric free-standing polystyrene (PS) films, Ilton et
al. observed that a film with initially asymmetric inter-
faces symmetrized over short time scales [35]. This sym-
metrization was attributed to flow perpendicular to the
film, but the dynamics was not accessible experimentally.

In this Letter we study the viscocapillary relaxation
dynamics of a nanoscale cylindrical perturbation initially
present on one of the two interfaces of a thin free-standing
PS film. Both the symmetric (viscous stretching) and
antisymmetric (viscous bending) modes are probed with
experiments (see Fig. 1a-b). Atomic force microscopy
(AFM) is used to obtain the profiles of the top and bot-
tom interfaces. A full-Stokes flow linear hydrodynamic
model is developed to characterize the relaxation dynam-
ics of the two modes. To provide an intuitive understand-
ing of the energy dissipation as the film relaxes, we turn
to the schematic plot of the excess surface energy as a
function of time, shown in Fig. 1(c). Initially, the top
interfacial profile, denoted h+, has a high excess energy
due to the additional interface that forms the hole, while
the bottom interfacial profile h− is flat and hence has no
excess surface energy. The excess free energy resulting
from the perturbation drives a flow that is mediated by
viscosity, η. As the film evolves, the total energy dissi-
pates as the excess interface decreases. Apart from that
global energy dissipation, the symmetrization process re-
quires some energy transfer from the top interface to the
bottom one – a coupling that is dominated by vertical
flow. Once both interfaces are mirror-symmetric, they
relax in tandem dominated by lateral flow. Remarkably,
the temporal evolution of the interfacial profiles, when
appropriately decomposed into their symmetric and anti-
symmetric components is found to obey power laws.

Thin films of PS are prepared using a method similar
to that previously described [35, 36]. PS with molecular
weight Mw = 183 kg/mol (Polymer Source Inc., poly-
dispersity index = 1.06) is dissolved in toluene (Fisher
Scientific, Optima grade) with concentrations of 2 % and
7.5 % by weight. Thin films are prepared by spin coat-
ing from solution onto freshly cleaved mica sheets (Ted
Pella), and annealed at 130 ◦C in vacuum (1×10−5 mbar)
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Figure 1. (a) Schematic of an initial cylindrical hole of depth h2 and radius r0, on one side of a polystyrene free-standing film,
which evolves towards symmetric. (b) Symmetric-asymmetric decomposition of the interfacial profiles. A symmetric profile
leads to lateral flow, while an antisymmetric one leads to vertical flow. (c) Schematic of the evolution of the excess surface
energy. The top and bottom surface energies equalize rapidly before vanishing in tandem on larger time scales.

for 24 hours. The films have thicknesses h1 = 530 nm and
h2 = 80 nm, as measured using ellipsometry (Accurion,
EP3). The free-standing films are then prepared in a
two-step process inspired by the work of Backholm et al.
[36]. Films are floated from the mica substrates, onto the
surface of ultrapure water (18.2 MΩ·cm) and picked up
on a thin circular stainless steel washer (thickness = 0.1
mm, AccuGroup, UK), creating a free-standing thin film
supported only at the edges of the washer. The thicker
film, with h1 = 530 nm, is picked up on a washer with an
internal diameter of 3 mm, and heated above the glass-
transition temperature of PS, Tg ≈ 100 ◦C, on a hot stage
(Linkam, UK). Similarly, the thinner film with h2 = 80
nm, is transferred from the water to a washer with an
internal diameter of 5 mm. This film is rapidly heated
(100 ◦C/min) on a hot stage to 125 ◦C for several seconds
under the view of an optical microscope. During the heat-
ing, cylindrical holes are nucleated in the film, and their
radii grow exponentially with time [33, 37–39]. When
the holes become visible, the film is quenched to room
temperature, resulting in a free-standing film with holes
of diameter 1 – 10 µm randomly distributed through-
out. The two films are then placed in direct contact and
adhere through van der Waals forces, and the larger di-
ameter washer can be removed. This process results in a
free-standing film of thickness h0 = h1 + h2, with cylin-
drical holes of depth h2 [see Fig. 1(a, top)].

The free-standing films are annealed on a hot stage at
T = 130 ◦C and covered with a glass coverslip to ensure a
uniform temperature. After a given amount of annealing
time the film is temporarily quenched to room temper-
ature, thus returning to the glassy state where flow be-
comes arrested. The surface profiles of three holes in the
same film are then measured after each annealing step
using AFM (Bruker Multimode). Since the film is free-
standing and has two polymer-air interfaces, both the
top and bottom profiles can be measured. The angular-
averaged profiles of the top and bottom interfaces are
extracted at each time step to provide a cross-section of
the film as it evolves, as shown in Fig. 2.
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Figure 2. AFM profiles of the top and bottom interfaces of
a free-standing hole with h2 = 80 nm, h0 = 610 nm, and
r0 = 4.2 µm (see Fig. 1), at various annealing times texp as
indicated. An “elastic bump” is seen at texp = 1 min due to the
residual stresses in the film from the sample preparation. The
viscous model takes the profiles at 5 min as initial profiles, in
order to ignore any prior elastic effect.

Initially, in the region of the hole, the film has sig-
nificantly different curvature gradients at the top and
bottom interfaces, resulting in pressure gradients in both
the vertical and lateral directions throughout the film.
The initial response of the film in the region of the hole
is for the bottom interface to buckle downward, form-
ing a small (∼ 10 nm) “elastic bump”. This feature is
not a result of the simple polymeric viscoelastic response
to interfacial forces [40], as this response would rather
generate an opposite inward motion. Instead, while still
being related to a viscoelastic process, it is likely a short-
term experimental artifact due to the residual stresses
associated with sample preparation [38, 39]. As the film
is annealed further, the elastic bump relaxes on a time
scale ∼ 5 min, which is on the order of the macromolec-
ular relaxation time scale for PS (the reptation time for
the PS at the given temperature is ∼ 13 min [41]).

After relaxation of the elastic bump, the flow results
from capillarity and viscosity only. First, there is verti-
cal flow to equilibrate the Laplace pressures of the two
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interfaces, which results in the symmetrization process.
Indeed, two symmetric interfacial profiles at the top and
bottom of the film are observed at times larger than
∼ 200 min. Subsequently, the symmetrized interfacial
profiles evolve jointly through lateral uniform flow in or-
der to dissipate the excess surface energy [29]. The film
is annealed for ∼ 2000 min before rupturing.

We now turn to a theoretical description. The poly-
mer is assumed to be a Newtonian fluid with vis-
cosity η. Given the axial symmetry of the prob-
lem, we introduce cylindrical coordinates (r, z), as
well as the Hankel transforms [42] of the velocity
field ~u(r, z, t) = (ur, uz), and of the interfacial pro-
files h±(r, t): ũr(k, z, t) =

∫∞
0

dr r ur(r, z, t) J1(kr) ,
ũz(k, z, t) =

∫∞
0

dr r uz(r, z, t) J0(kr), and h̃±(k, t) =∫∞
0

dr r h±(r, t) J0(kr), where t is time, and the Ji are
the Bessel functions of the first kind with indices i =
0, 1. Injecting these forms into the steady Stokes equa-
tions, we find: ∂3z ũr + k∂2z ũz − k2∂zũr − k3ũz = 0 and
∂zũz + kũr = 0, which result in the general solution:

ũr =− 1

k

(
kA+ kzC +D

)
sinh(kz)

− 1

k

(
kB + kzD + C

)
cosh(kz) ,

(1a)

ũz =

(
A+ zC

)
cosh(kz) +

(
B + zD

)
sinh(kz) , (1b)

where A(t), B(t), C(t) and D(t) are integration con-
stants. The depth of the hole is assumed to be small
in comparison with the total thickness of the film, which
is valid for the experiments, so that we can linearize the
problem by writing the profiles as h± = ±h0/2 + δh±,
where the perturbations δh± are small compared to the
film thickness h0 at rest. We assume no-shear-stress
boundary conditions at both fluid-air interfaces, and ne-
glect the nonlinearities from the scalar projections of the
normal and tangential vectors to the interface, which
gives:

(±kA+ C
kh0
2

) sinh(
kh0
2

)

+(kB ±Dkh0
2

) cosh(
kh0
2

) = ±γk
2

2η
δ̃h±,

(2a)

(
kA± C kh0

2
+D

)
cosh

(
kh0
2

)
+

(
±kB +D

kh0
2
± C

)
sinh

(
kh0
2

)
= 0 ,

(2b)

where γ is the fluid-air interfacial tension. Finally,
we invoke the linearized kinematic conditions, ∂th̃± =
ũz(k, z = ±h0/2, t), and obtain a set of coupled linear
differential equations. The symmetric-antisymmetric de-
composition, through h̃sym = ˜δh+ − ˜δh− and h̃anti =
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Figure 3. Dimensionless decay rates of the symmetric and
antisymmetric modes (Eqs. (3a) and (3b)) as a function of
the dimensionless wave number. The slope-triangles indicate
power-law exponents.

δ̃h+ + ˜δh− [see Fig. 1(b)], appears as the natural modal
decomposition for this system. These two modes relax
independently to equilibrium, with distinct decay rates
λsym and λanti, since:

∂th̃sym = −γk
η

sinh2(kh0

2 )

sinh(kh0) + kh0
h̃sym = −λsymh̃sym ,

(3a)

∂th̃anti = −γk
η

cosh2(kh0

2 )

sinh(kh0)− kh0
h̃anti = −λantih̃anti .

(3b)
The dimensionless decay rates are plotted in Fig. 3

as a function of the dimensionless wave number kh0.
For each rate, two asymptotic behaviors can be distin-
guished. At large kh0, both rates exhibit the same limit:
limk→∞ λ(k) = γk

η . At small kh0, the symmetric rate
becomes identical to the one in the symmetric long-wave
free-standing film model: limk→0 λsym = γh0k

2

8η [29, 35],
and thus Eq. (3a) reduces to a heat-like equation in Han-
kel space, with a diffusion coefficient γh0

8η . In the same
limit, the antisymmetric rate has a different scaling law:
limk→0 λanti = 6γ

ηh3
0k

2 . Therefore, long waves are quickly
damped for the antisymmetric mode. We note that λanti
has a minimum at k ' 3.28/h0, corresponding to a slow-
est mode, which sets the relaxation dynamics.

The model relies on the assumption of a Newtonian
fluid. As such, it must be compared to experimental pro-
files corresponding to annealing times longer than the
polymeric relaxation time. Thus, we take the experi-
mental profiles at texp = 5 min as the initial conditions
for the model (see Fig. 2). Equations (3a) and (3b) are
then solved, yielding:

h̃sym/anti(k, t) = h̃sym/anti(k, 0) exp

[
− λsym/anti(k)t

]
,

(4)
where t = texp−5 min. The symmetric and antisymmet-
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Figure 5. Dimensionless excess surface area as a function of
dimensionless time. The experimental data for three different
holes are shown with different marker symbols, as indicated.
The corresponding theoretical data are shown with different
line styles, as indicated. (a) The top and bottom interfacial
profiles. (b) The symmetric and antisymmetric modes. The
slope-triangles indicate power-law exponents.

ric modes for the experimental and theoretical profiles
are shown in Fig. 4. There is a qualitative agreement
between theory and experiments. Notably, the symmet-
ric mode exhibits a self-similar behavior when plotted
(not shown) as a function of the variable (r − r0)/t1/2.
This result for free-standing films is to be compared to
the capillary levelling of a cylindrical hole in a film sup-
ported on a substrate, that shows a self-similar behaviour
in (r − r0)/t1/4 [36]. In contrast, the antisymmetric
mode vanishes rapidly, on a time scale on the order of
∼ 200 min, meaning that the top and bottom interfacial
profiles become perfectly mirror-symmetric, as observed
in Fig. 2. The long waves appeared to be damped more
quickly than the short ones, in agreement with the lim-
iting scaling behaviors of λanti(k) (see Fig. 3).

A measure of the distance to equilibrium lies in the
excess capillary energy, which is proportional to the
excess surface area with respect to a flat film, Si =
2π
∫∞
0

dr r(
√

1 + (∂rhi)2 − 1), where the index i can
refer to +, −, sym, or anti, depending on the pro-

file/mode in question. The excess surface area reduces
to Si ' π

∫∞
0

dr r(∂rhi)2 in the small-slope limit (valid
at texp > 5 min). Figure 5(a) shows the excess surface
areas of the top and bottom profiles, normalized by the
initial excess surface area, as a function of dimensionless
time, γt/(h0η), for three holes of different initial radii,
r0 = 2.3µm, 4.2µm, and 6.2µm on the same film. The
trends are consistent with the intuitive expectations il-
lustrated in Fig. 1(c), and the theoretical curves are in
excellent agreement with the experimental data, which
validates the hydrodynamic model. We further see that
the top interface, which has an initially high excess sur-
face area, exchanges energy with the bottom one, caus-
ing the excess surface area of the latter to initially in-
crease. This happens through viscous vertical flow, a
process that continues until the formation of a mirror-
symmetric interfacial profile on the bottom of the film,
at γt/(h0η) ∼ 0.5, after which the excess surface areas of
both interfaces are equal. At later times, the surface ar-
eas decrease following a power law S ∼ t−1/2 because of
the self-similar properties of the heat-like equation that
governs the symmetric mode.

With the modal decomposition above, one can also de-
fine and plot the symmetric and antisymmetric surface
areas, Ssym and Santi respectively, as functions of the di-
mensionless time (see Fig. 5(b)). The two modes relax
with different dynamics. The symmetric mode exhibits
a longterm Ssym ∼ t−1/2 scaling, as a result of lateral
flow. In contrast, the vertical flow in the antisymmetric
mode dissipates energy much more quickly, with a typ-
ical time scale ∼ ηh0/γ, that is identified as being the
symmetrization time scale. The experiments reveal that
this symmetrization time scale does not depend on the
initial radius of the hole, and is set solely by the dynam-
ics of the slowest relaxation mode, i.e. the Fourier-Bessel
mode k at which λanti(k) is minimal (see Fig. 3).

It is interesting to note that in real space the governing
equation of the antisymmetric mode is 1

6ηh
3
0∂t∇2hanti =

γhanti, in the long-wave limit. Upon taking the Lapla-
cian of this expression, we recover on the right-hand-side
the Laplace pressure difference δP = γ∇2hanti across the
film. Then, the mid-plane line H = hanti/2 follows the
equation 1

3ηh
3
0∇4∂tH = δP . This equation corresponds

to the torque balance in the liquid film [15, 25, 26], and is
the viscous analogue of the Föppl-von Kármán equation
for an incompressible elastic membrane in pure bending,
where the bending modulus is replaced by ηh30/3, and the
deflection field is replaced by the deflection rate ∂tH.

In conclusion, we have reported on the symmetriza-
tion dynamics of cylindrical holes in free-standing thin
viscous polymer films. The topographies of both inter-
faces of the films were measured using AFM at various
times, to track the evolution of the films while they were
annealed above their glass-transition temperature. The
films were found to undergo a rapid symmetrization pro-
cess in order to equilibrate the Laplace pressures of the
two liquid-air interfaces. This process transfers excess
surface energy between the two interfaces, and eventu-
ally results in mirror-symmetric profiles on both sides of
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the film. A full-Stokes flow linear hydrodynamic model
was developed to rationalize the observations. The model
revealed the important roles of two modes, that differ
by their symmetry with respect to the mid-plane of the
film. The antisymmetric mode is associated with verti-
cal flow, driven by the pressure gradient across the film,
and exhibits faster dynamics than the symmetric mode,
associated with lateral flow. The vertical symmetriza-
tion was found to occur on a universal time scale ηh0/γ,
while the symmetric mode dominates at later times. Sur-

prisingly, the evolutions of the interfacial profiles, when
decomposed into the symmetric and anti-symmetric com-
ponents are found to obey power laws, with the decrease
in surface area of the symmetric mode scaling as t−1/2,
analogous to the heat equation.
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